We focus on three-state quantum walk(QW) in one dimension. In this paper, we give stationary measure in general condition, originated from the eigenvalue problem. Firstly, we get the transfer matrices by our new recipe, and solve the eigenvalue problem. Then, we obtain the general form of stationary measure for concrete initial state and eigenvalue. We also show some specific examples of stationary measure for three-state QWs. One of the interesting and crucial future problems is to make clear the whole picture of the set of stationary measures. a endo-takako-sr@ynu.ac.jp 1 measures describing the ballistic spreading [30] . We should note that the weak limit measure is consisted by the Dirac measure part corresponding to localization and absolutely continuous part, expressing the ballistic spreading. The weak convergence theorem for various types of QWs in one dimension, such as Hadamard walk [25] , Grover walk [27] , the two-phase QWs [11, 15] were derived.
Introduction
Owing to their specific properties, quantum walks(QWs) have attracted much attention in various fields, such as, quantum algorithms [3, 34] , and topological insulators [23] . For the rich application of QWs, it is essential to further study both analytically and numerically. Indeed, over the past decade many researchers have investigated the asymptotic behaviors of QWs from various viewpoints [7, 20, 25, 30, 31, 36] .
So far, localization and the ballistic spreading have been known as the characteristic properties of QWs [2, 18, 19, 20] . They are described mathematically by two kinds of limit theorems, which are composed of measures, i.e., the time-averaged limit measure corresponding to localization, and the weak limit 2 Stationary measure in general condition originated from the eigenvalue problem First, we introduce discrete-time space-inhomogeneous QW with three-state on Z, which is a quantum version of classical random walk with an additional coin state. The particle has a coin state at time n and position x described by a three dimensional vector in C 3 , where C is the set of complex numbers:
The upper and lower elements express the left and right chiralities, respectively, and the middle element corresponds to the loop. The time evolution is determined by 3 × 3 unitary matrices U x :
Here the time evolution is determined by the recurrence formula
where
with U x = P x + R x + Q x . Note that P x and Q x correspond to the left and right movements, respectively, and R x represents the loop. Here we remark that the walker steps dependent on position.
From now on, we introduce stationary measure of the QW. Let
where T means the transposed operation. Then the state of the QW at time n is given by Ψ n = (U (s) ) n Ψ 0 for any n ≥ 0. Let R + = [0, ∞). Here we introduce a map φ :
Then we define the measure µ : Z → R + by
We should note that µ(x) is a measure of the QW at position x. Now put
and we call the element of Σ s , the stationary measure of the QW.
Here let S 1 = {z ∈ C : |z| = 1}, and consider the eigenvalue problem U (s) Ψ = λΨ(Ψ ∈ M ap(Z, C 2 ), λ ∈ S 1 ). Since U (s) is unitary, we directly see φ(U (s) Ψ) ∈ Σ s . Now we solve the eigenvalue problem as follows. The proof is devoted to Appendix.
Theorem 1 Let {U y } y∈Z be the set of y-parameterized unitary matrices of the three-state inhomogeneous QW, and Ψ(x) = T [Ψ L (x), Ψ O (x), Ψ R (x)] be the probability amplitude. Then the solutions for
where T (±) y are the transfer matrices defined by
Furthermore, stationary measure is given by
. We note that the initial state develops by the transfer matrices. We can obtain stationary measure for given three-state QW and initial state by calculating the transfer matrices. Also, we should remark that we cannot apply Theorem 1 in the case that the elements of the transfer matrices diverge. Our result is more effective for three-state QWs in general than the result obtained by Kawai et al. [21] , since they use the reduced matrix, which restricts the models that can be analyzed.
In this section, we exhibit some concrete typical examples of our result, Theorem 1.
The Grover walk:
First, we consider the Grover walk defined by the unitary matrix
We got the stationary amplitude originated from the eigenvalue problem U (s) Ψ = λΨ as follows.
Proposition 1 Let {M y } y∈Z be the set of y ∈ Z-parameterized unitary matrices of the Grover walk, and
where T (±) y are transfer matrices defined by
Here by putting Ψ(0) = T [1/ √ 3, 1/ √ 3, 1/ √ 3] and λ = −1, we obtain the amplitude as below.
Therefore, we obtain
We see that the stationary measure is not uniform and is not symmetric for the origin. This the first result for the Grover walk that the stationary measure does not have uniformity [21] .
2. The Grover walk+1-defect model: Next, we focus on the QW defined by the unitary matrices
The QW is given by putting the weight ρ at x = 0 to the Grover walk. We derived the stationary amplitude of the eigenvalue problem U (s) Ψ = λΨ as follows. 
, and λ = −1, we obtain the following amplitude.
Hence, we have
Thereby, the stationary measure is not uniform. The result coincides with the result in Section 4 of Ref. [14] .
3. The Fourier QW: Here we treat the Fourier QW defined by the unitary matrices 
Now let the initial state Ψ(0) = T [1, 0, 0], and we have the amplitude and stationary measure as follows:
(a) Positive part: We get
Hence, we obtain
(b) Negative part: We have
,
, 0 (x = −5 − 3m),
where m ∈ Z ≥0 , with Z ≥0 = {0, 1, 2, · · · }. Therefore, we see
We notice that the stationary measure is not uniform, and has period 3 in positive part, though the stationary measure in negative part does not have. This is the first result for the Fourier QW that the stationary measure has asymmetry at the origin [21] .
Summary
In this paper, we obtained for three-state QW, the general form of stationary measure originated from the eigenvalue problem. Our method is mainly based on the transfer matrices, and is more effective than the reduction method developed by Kawai et al. [21] , since we do not need to reduct to two-dimensional lattice in our recipe. By using our result, we can derive various types of stationary measures for many types of the three-state QWs, which contributes to clear the whole picture of the set of stationary measures. One of our future problems is to examine the eigenvalues and eigenspaces, which directly connects to Spectral theory. Also, to investigate the stationary measure which does not come from the eigenvalue problem is fundamental for the study of stationary measure of QW.
In Appendix, we derive the transfer matrices T (±) x of three-state QW, which leads to Theorem 1. Since λΨ = U (s) Ψ(Ψ ∈ M ap(Z, C 2 ), λ ∈ S 1 ) holds, we have
1. Case of T (−)
x : By using Eq.(1), we can write down
From now on, we derive (A) and (B), which directly leads to T (−)
x .
• For (A): Owing to Eqs. (3) and (2), we have
and
respectively. Substituting Eq.(5) into Eq.(4), we get
Taking into account of Eq.(1), we obtain
which implies (A).
• For (B): From Eq.(3), we get
Substituting Eq.(16) and Eq.(1) into Eq. (7), we see
which leads to (B).
Case of T (+)
x : From, Eq.(3), we can write down
Hereafter, we calculate (C) and (D), which contributes to T (+)
• For (C): By Eqs. (1) and (2), we have
respectively. Substituting Eq.(10) into Eq. (9), and taking into account of Eq. (3), we obtain
which implies (C).
• For (D): Eq. (1)gives
Substituting Eq.(21) and Eq.(3) into Eq.(12), we acquire
which leads to (D).
The above discussion completes the proof.
